Abstract. Let (M n , g) be an n-dimensional compact connected Riemannian manifold with smooth boundary. We show that the presence of a nontrivial conformal gradient vector field on M , with an appropriate control on the Ricci curvature makes M to be isometric to a hemisphere of S n . We also prove that if an Einstein manifold admits nonzero conformal gradient vector field, then its scalar curvature is positive and it is isometric to a hemisphere of S n . Furthermore, we prove that if M admits a nontrivial conformal vector field and has constant scalar curvature, then the scalar curvature is positive. Finally, a suitable control on the energy of a conformal vector field implies that M is isometric to a hemisphere S n + .
Introduction
Let (M n , g), n ≥ 2, be an n-dimensional compact smooth oriented Riemannian manifold with smooth boundary ∂M . We denote by ∇, ∇ 2 , ∆ and dM the Riemannian connection, the Hessian, the Laplacian and the volume form on M , respectively, while by ∇, ∆ and dσ the Riemannian connection, the Laplacian and the volume form on ∂M , respectively. We also denote by h(X, Y ) = g(∇ X ν, Y ), X, Y ∈ X(M ), the second fundamental form associated to the unit outward normal vector field ν along ∂M , where X(M ) is the Lie algebra of smooth vector field on M . We recall that a smooth vector field ξ ∈ X(M ) is said to be conformal if
for a smooth function f on M , where L ξ is the Lie derivative in the direction of ξ. The function f is the conformal factor of ξ (cf. [1] ). If ξ is the gradient of a smooth function on M , then ξ is said to be a conformal gradient vector field. In this case, ξ is also closed. We say that ξ is a nontrivial conformal vector field if it is a non-Killing conformal vector field. As a straightforward consequence of Kozul's formula, we have the following identity for any smooth vector field Z on M ,
where η stands for the dual 1-form associated to Z, that is, η(Y ) = g(Z, Y ). We note that we can define ϕ the following skew symmetric (1,1)-tensor:
Thereby, one can use the above equations to get
The function f will be called the potential function associated to ξ. Note that we can identify ϕ with a skew symmetric (0,2)-tensor and ξ with the tensor ξ(Y ) = g(ξ, Y ), Y ∈ X(M ), to rewrite (1.2) as follows
One of the interesting questions in the geometry of Riemannian manifolds is to characterize spheres among the class of compact connected Riemannian manifolds. One of such characterizations was given by Obata [9] , namely a necessary and sufficient condition for an n-dimensional complete Riemannian manifold (M n , g) to be isometric to the n-sphere S n (c) is that there exists a nonconstant smooth function f on M that satisfies
for some constant c > 0, where ∇ X is the covariant derivative operator with respect to X ∈ X(M ).
On the other hand, in the middle of the last century many authors have extensively studied Riemannian manifolds with constant scalar curvature admitting an infinitesimal non-isometric conformal transformation. At that time many famous geometers tried to prove a conjecture concerning the Euclidean sphere as the unique compact orientable Riemannian manifold M n admitting a metric of constant scalar curvature R carrying a conformal vector field X. Among them, we cite Bochner, Goldberg [5, 6] , Hsiung [7] , Lichnerowicz, Nagano [8] , Obata [10] and Yano [13] ; we address the reader to the book of Yano [14] to a summary of those results. Despite of many effort to prove the conjecture, it remained opened until 1981 when Ejiri [4] found a counterexample to this conjecture building metrics of constant scalar curvature on warped product of type S 1 × h N , where N is an n − 1 dimensional Riemannian manifold with positive constant scalar curvature, h is a positive function on a circle S 1 satisfying a certain ordinary differential equation and X = h ∂ ∂t is a conformal vector field, see [4] for details.
In this sense, seeking to characterize the sphere, a natural question arises: Under which condition an n-dimensional closed and connected Riemannian manifold that admits a nonzero conformal gradient vector field is isometric to a sphere S n ? Deshmukh and Al-Solamy [3] answered this question by proving that if (M n , g) is an n-dimensional compact connected Riemannian manifold whose Ricci curvature is positive and upper bounded, and if M admits a nonzero conformal gradient vector field, then M is isometric to S n . The question of trying to characterize the hemispheres goes now for manifolds with nonempty smooth boundary. In this direction, Reilly [11] proved that a compact Riemannian manifold M with totally geodesic boundary, which admits a nonconstant function f on M such that ∇ 2 f = −cf g, for some constant c > 0, f ≥ 0 on M and f = 0 on ∂M , is necessarily isometric to a hemisphere of S n (c). In the same direction, Reilly [12] also proved that if a compact, connected, oriented Riemannian manifold M with connected nonempty boundary ∂M that admits a nonconstant function f on M which satisfies ∇ 2 f = −cf g, for some constant c > 0, and f | ∂M is constant, then M is isometric to a geodesic ball on S n (c). In this way, we can ask the following question for the manifolds with nonempty boundary: Question 1. Under which condition an n-dimensional compact and connected Riemannian manifold with smooth boundary that admits a nonzero conformal gradient vector field is isometric to a hemisphere S n + ?
In this paper, we answer this question positively under some additional conditions, more exactly we prove the following: On the other hand, on a compact Riemannian manifold (M n , g), the energy of a smooth vector field X ∈ X(M ) is defined by
On the other hand, in the sphere S n (c) of constant curvature
, with respect to a constant vector v ∈ R n+1 satisfies ∇ X ∇h = − √ c hX. Hence, the conformal vector ξ = ∇h and the function f = − √ c h satisfy E(ξ) = c −2 E(∇f ). Whence, we can ask when a compact Riemannian manifold (M n , g) that admits a nontrivial conformal vector field ξ with potential function f satisfying E(ξ) = c −2 E(∇f ), for a positive constant c, is isometric to S n (c)? There is an affirmative answer to this question for compact Riemannian manifolds of constant scalar curvature given by Deshmukh [2] .
Since Deshmukh [2] only deal with manifold without boundary trying to characterize the sphere, we can think about the same question formulated to manifolds with smooth boundary. More precisely, Question 2. Under which conditions a compact Riemannian manifold (M n , g) with smooth boundary ∂M that admits a nontrivial conformal vector field ξ with potential function f satisfying E(ξ) = c −2 E(∇f ), for a positive constant c, is isometric to a hemisphere S n + (c)? A positive answer to Question 2 is presented in the following result: 
Moreover, equality holds if and only if M is isometric to a hemisphere S
n + (c).
Preliminaries
In this section we prove some basic results which will be useful for our proofs. First we remember the tensorial Ricci-Bochner formula, which says
In particular, if ∇f is a conformal vector field, then we have
and consequently, we get
Now we will present the next four lemmas that will be used in our proofs.
) be a compact connected Riemannian manifold with smooth boundary ∂M and ∇f be a conformal vector field on M . Then,
In particular, if R is constant, then
Proof. Using (2.3) we have
as well as
Therefore, integrating (2.5) and using the divergence theorem we obtain
which gives the first assertion. Proceeding we have
Integrating (2.6) we get
which finishes the second item of the lemma. Taking divergence on equation (2.3) and using (2.2), we obtain
which establishes the last assertion and finishes the proof of the lemma. 
and using (2.3), we deduce
which finishes the first statement. Now note that div(f ∇(∆f )) = f ∆(∆f ) + g(∇f, ∇(∆f )), then by (2.4) we get
which establishes the second item.
On the other hand, we integrate Bochner's formula to obtain 
Furthermore,
Proof. For the first identity in (2.8) it suffices to take trace in (1.3). Let {e 1 , . . . , e n } be an orthonormal frame on ∂M such that e n = ν, where ν is a unit outward normal vector field along ∂M . Then,
Since ∇f is a conformal gradient vector field, it satisfies ∇ X ∇f = ∆f n X, X ∈ X(M ), which yields
Hence, the hypothesis c > 0, (3.1) and the boundary condition ∆f | ∂M = 0 enable us to apply Theorem B in [12] to conclude that M is isometric to a geodesic ball of S n (c). Furthermore, the function f satisfies ∆f (x) = cos( √ c d(x, x o )), where x 0 is the center of the geodesic ball and d is the distance function on S n (c). Accordingly, the assumption ∆f | ∂M = 0 implies that the boundary ∂M is an equator. Therefore, M is isometric to a hemisphere of S n (c).
Proof of Theorem 2.
Proof. First we prove that c > 0. Indeed, since (M n , g) is a compact connected Einstein manifold, we have R n = (n − 1)c and so Ric(∇f ) = (n − 1)c∇f . Thereby, using (2.3) we obtain
Thus, by (3.2) we get
Since ∆f is nonconstant, by (3.3) the constant c is a nonzero eigenvalue of ∆ with Dirichlet boundary condition, which implies that c > 0. Thus, using (3.2) we proceed as in the proof of Theorem 1 to conclude that M is isometric to a hemisphere S n + (c).
Proof of Theorem 3.
Proof. Using (2.1) and the skew symmetry of ϕ, we obtain div(∇ 2 f (ξ)) = g(∇(∆f ), ξ) + Ric(∇f, ξ) + f ∆f.
On the other hand, since div(∆f ξ) = g(∇(∆f ), ξ) + nf ∆f , we have (3.4) div(∇ 2 f (ξ) − ∆f ξ) = −(n − 1)f ∆f + Ric(∇f, ξ).
Integrating (3.4) over M and using the divergence theorem yields Thus, by Lemma 4, we have
Using the Gauss-Weingarten equations and the fact that ∂M is totally geodesic, we obtain 
